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Abstract 

We consider p-branes with one or more circular directions fibered over the transverse space. The 
fibration, in conjunction with the transverse space having a blown-up cycle, enables these p-brane 
solutions to be completely regular. Some such circularly-wrapped D3-brane solutions describe flows 
from SU(N) 3 M = 2 theory, Fq theory, as well as an infinite family of superconformal quiver gauge 
theories, down to three-dimensional field theories. We discuss the operators that are turned on 
away from the UV fixed points. Similarly, there are wrapped M2-brane solutions which describe 
smooth flows from known three-dimensional supersymmetric Chern-Simons matter theories, such as 
ABJM theory. We also consider p-brane solutions on gravitational instantons, and discuss various 
ways in which U-duality can be applied to yield other non-singular solutions. 
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1 Introduction and summary 



Supergravity p-brane solutions play an important role in string theory, and have provided many 
explicit examples of the AdS /CFT correspondence [TJ . A singularity at the origin of the brane would 
impose a severe restriction on the range of validity of the supergravity background. While some 
singularities may be resolved by stringy or non-perturbative effects, deformations of the geometry 
and/or the inclusion of additional fields can sometimes smooth out the singularity at the level of 
supergravity. 

For instance, this can be done through Chern-Simons type modifications in the Bianchi identities 
or equations of motion. There is an abundance of literature on this type of singularity resolution 
of p-brane solutions, some examples of which can be found in [2H5]. This can provide supergravity 
backgrounds dual to supersymmetric field theories for which the conformal symmetry is typically 
broken by the resolution. The resolution procedure involves turning on an n-form which is square 
integrable at short distance, which requires the transverse space to have a non-collapsing n-cycle. 
As an example of this, consider the Klebanov-Strassler solution, which provides a supergravity 
description of chiral symmetry breaking and confinement [5J. This involves D3-branes on a deformed 
conifold, which has a non-collapsing 3-cycle and therefore supports a square-integrable three- form 
flux. 

We will consider the scenario in which the the d-dimensional transverse space has a non- 
collapsing 2-cycle and/or d — 2-cycle. We wrap the p-brane on one or more circular directions 
which are fibered over the transverse direction. The fibration manifests itself as a harmonic 2- 
form source term for the form field that supports the p-brane. The non-collapsing cycle translates 
into there being a 2-form that is square integrable at short distance, which ends up yielding a 
non-singular p-brane solution. Previous examples of this construction include D5-branes on the 
Eguchi-Hanson and Taub-NUT instantons [6], D3-branes on a resolved cone over T 1 ' 1 /Z2 [7J, M2- 
branes on a regular cone over Q ' ' /Z2 [8], and various branes on Taub-NUT and Taub-BOLT 
instantons [9]. 

Here we generalize these already- known solutions by considering multiple fibrations, as well 
as greatly enlarge the number of examples of toroidally-wrapped p-branes by considering various 
spaces with non-collapsing d — 2-cycles. The new solutions include D3-branes on cones over 5* 5 /Z3 
and the Y p,q spaces; M2-branes on cones over S 7 /Z4, the Stiefel manifold, M 3,2 , and Sasaki-Einstein 
manifolds in general; various p-branes on the Schwarzschild instanton and its higher-dimensional 
analog. 

The large distance limit of some of the wrapped D3-brane solutions describe known four- 
dimensional super conformal field theories, including SU(N) 3 M = 2 theory |10j [T]. Fo theory 
and an infinite family of superconformal quiver gauge theories [12] . The linearized form of the so- 
lutions enables us to analyze the transformation properties and dimensions of the operators turned 
on as one flows away from the UV fixed point, and in certain cases some of these operators can 
be identified. In general, the fibration corresponds to turning on a dimension-two vector opera- 
tor, a blown-up 2-cycle corresponds to a dimension-two scalar operator, and a blown-up 4-cycle 
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corresponds to a dimension-six non-mesonic scalar operator [13J. The full supergravity solutions 
describe smooth flows in which the theory undergoes compactification to three dimensions. Like- 
wise, some of the wrapped M2-brane solutions describe smooth flows from known three-dimensional 
supersymmetric Chern-Simons matter theories, such as ABJM theory |14| . 

We also discuss how the above wrapped p-brane solutions are related to other types of super- 
gravity solutions. For instance, magnetically-charged AdS solitons in gauged supergravity [15] can 
be dimensionally oxidized to certain wrapped p-brane solutions. We demonstrate this for the case 
of wrapped D3-branes on cones over the Y p ' q spaces by using the consistent Kaluza-Klein reduction 
ansatz presented in |16j . Moreover, the p-brane solutions have several directions along which one 
can perform dimensional reduction or T-duality. For example, T-dualizing or reducing along a 
worldvolume direction that is fibered over the transverse space yields a p-brane solution that is 
modified by additional flux. At the same time, the fibration causes a direction in the transverse 
space to have a radius that is nowhere vanishing and which stabilizes at large distance. This en- 
sures that performing T-duality or dimensional reduction along this transverse direction yields a 
non-singular solution as well. 

We would like to note that an alternative way to construct completely non-singular supergravity 
solutions is to localize the p-brane at a point on the blown-up cycle of the transverse space, instead 
of a uniform distribution of p-branes as above. For the case of D3-branes on the resolved conifold, 
this results in a solution that smoothly interpolates from AdSs x T 1 ' 1 at large distance to AdSs x S 5 
at short distance. This describes an RG flow from the SU(N) x SU(N) M = 1 superconformal 
fixed point in the UV to the SU (N) N = 4 superconformal fixed point in the IR, which has been 
confirmed from the behavior of the superpotential [17]. This construction has been generalized 
to cover all of the resolved cones over the L a,6,c spaces, yielding RG flows from AdSs x L a,b,c to 
AdS 5 x S 5 /Z k [18] . 

This paper is organized as follows. In section 2, we consider D3-branes with worldvolume 
directions that are wrapped and fibered over six-dimensional spaces, including cones over S 5 /Z3, 
T 1,1 /Z2, Y p,q and various gravitational instantons. We emphasize the cases which describe smooth 
flows from known four-dimensional superconformal field theories to three-dimensional theories, and 
discuss the operators that are turned on away from the UV fixed point. In section 3, we consider 
toroidally-wrapped M2-branes on cones over various Sasaki-Einstein spaces, including regular cones 
over S > /Z4, Q 1 ' 1 ' 1 /Z2, the Stiefel manifold and M 3,2 . Some of these solutions describe flows from 
known three-dimensional supersymmetric Chern-Simons matter theories. In section 4, we consider 
more examples of toroidally-wrapped brane solutions on gravitational instantons. 

2 Toroidally-wrapped D3-branes 

The D3-brane of type IIB supergravity is supported by the self-dual 5-form field strength, with a 
six-dimensional Ricci-flat transverse space. If the transverse space has a 2-cycle or 4-cycle, then 
we can construct a toroidally-wrapped D3-brane with one or more of the worldvolume coordinates 
fibered over the transverse space. In addition, a D3-brane with a fibered timelike direction can 
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be interpreted as a rotating D3-brane. The solution with maximum fibrations generally has the 
form [7] 

dsj = H-V^dx^dx" + H 1 ' 2 dsl (2.1) 
F (5) = d 4 x AdH' 1 - * 6 dH + (* 6 dA^ Adx^ + ^e^ pa dx p Adx u Adx p AdA° 1} , 

where dx p = dx p + , dA'i-, = m p L^ 2) not summed) are harmonic 2-forms in the transverse 
space of the metric dsg, *6 is the Hodge dual with respect to dsg and fi, v = 0, . . . 3. The equations 
of motion are satisfied, provided that 

□F = -^(m%) 2 , (2.2) 

where □ is the Laplacian on ds^. Note that the periods of the wrapped directions are governed by 
the connections on the fibers. 

2.1 On a regular cone over S ,5 /Z 3 

A regular cone over the lens space S 5 /Z 3 is given by [19] 



ds 2 6 = rW + jf {dip -§ sin 2 8a 3 ) 2 + r 2 cfe 2 p2 , 
b 6 

f = 1-3. (2-3) 



where the metric on CP 2 is given by 
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ds 2 p2 = d6 2 + - sin 2 9 (a 2 + a\ + cos 2 9a 2 ) , (2.4) 

and <7j are left-invariant 1-forms of SU(2). If if) has a period of 2ir and r > 6, then this space is 
completely regular and has a short-distance geometry of R 2 x CP 2 . The parameter b is related to 
the volume of the 4-cycle CP 2 . Note that 5 5 /Z 3 is a smooth space, which corresponds to the fact 
that we are working in a limit in which all twisted states in the string theory are heavy. The metric 
follows the general construction for Ricci-flat Kahler metrics in |20j. 
A 2-form that preserves the isometry of (|2.3p has the form 



L (2) = u e° A e 5 + U\ e 1 A e 2 + u 2 e 3 A e 4 , (2.5) 
expressed in the vielbein basis 

e = —=, e =-sm#<72, e = -sm 9a±, e = rd9, 
V / 2 2 

e 4 = I cos 9 sin 0<r 3 , e 5 = J- v 7 / (# - f sin 2 ^3) , (2.6) 

where the Uj are functions of r only. The Kahler form corresponds to uq = —1, u\ = u 2 = 1. 
Another harmonic 2-form has 

2 1 , . 

u o = 3> Ul=«2 = ^, (2.7) 
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which corresponds to 



Al) = -^(^-|sin 2 ^ 3 ). (2.8) 

One of the worldvolume directions, let us suppose the X3 direction, can be fibered over the transverse 
space. This yields a regular solution with 

H = m*- (2 - 9> 

The connection on the fiber implies that x% has a period of 7rm/(36 ). The ten-dimensional metric 
interpolates between a product space of three-dimensional Minkowski spacetime and a U(l) bundle 
over M 2 x CP 2 at short distance to AdSs x S 5 /Z3 at large distance. 

The UV limit of the dual field theory is an N = 2 superconformal field theory of a general 
class of theories [lOj which was discussed specifically in It is an SU(N) 3 gauge theory with 
chiral multiplets Uj in the (N,N, 1) representation, Vj in the (1,N,N) representation and Wj in 
the (N, 1,N) representation, where j = 1,2,3. The classical superpotential has the form W = 
ge^ k UiVjWk, for which all three gauge couplings and the superpotential coupling g are equal. In 
the quantum theory, the space of these couplings contains a one-dimensional line of superconformal 
fixed points whose parameter can be identified with the dilaton in the AdSs x S^/Z^ background. 

While mesonic directions of the full moduli space correspond to the motion of the D3-branes, 
the non- mesonic, or baryonic, directions are associated with either deformations of the geometry or 
turning on i?-fields |13j . As is generally the case for deformations which correspond to blowing up 
4-cycles, b is associated with a local deformation, since it does not change the position of the branes 
at infinity. Thus, as one flows away from a superconformal fixed point of the theory, non-mesonic 
operators get vacuum expectation values. The transformation properties and dimensions of these 
operators can be read off from the linearized form of the supergravity solution. In particular, it 
can be seen from (|2.3|) that the leading order contribution of the b parameter to the metric goes as 
6 6 /r 6 . This implies that a dimension-six non-mesonic scalar operator gets a vacuum expectation 
value that goes as b G . 

Although the specific operator has not been identified, it has been suggested that for this type 
of deformation the operator being turned on is associated with the gauge groups in the quiver and 
has the schematic form [13] 

Oi = J^Ci )fl W fl W fl , (2.10) 
9 

where the gauge groups have been summed over, W g is an operator associated with the field strength 
for the gauge group g, and q g are constants. In addition, this operator could have a contribution 
from the chiral fields of the form 

U i U i V j V j W k W h . (2.11) 

It is proposed that a particular combination of the terms in (|2.1U|) and (|2.11|) corresponds to the 
blown-up 4-cycle. 
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In order to analyze the operator that corresponds to the fibration, it is useful to express the 
metric as 

' 1 / , , o . 9 „ Qb 6 



r 2 R 2 
ds 2 10 = [-dt 2 + dx\ + dx\ + fdxl] + ^jdr 2 + R 2 



If „ 2 6b b V 2 

- ( rfV " 2 8111 0fJ 3 " ^2^3 J + ds c] 



where R 2 = m/(26 3 ). Now one can read off that the fibration corresponds to turning on a dimension- 
two vector operator along the X3 direction whose expectation value goes as b 6 /m. 

Away from the UV limit, the field theory lives on the direct product of three-dimensional 
Minkowski spacetime and a circle. We can set 23 = -^<t>, where cj> has a period of 2ir. Then 
the circular direction has a physical radius of Curiously enough, this radius can be made 
large enough to be consistent with observations by taking 6 4 <C m. In fact, statistical tools to use 
the cosmic microwave background to search for "circles in the sky" have been developed in, for 
example, [21] . If, on the other hand, the radius of the circular direction is small, then the field 
theory undergoes a flow "across dimensions" towards a three-dimensional theory. 

The radius of the angular coordinate (j) from the ten-dimensional viewpoint is given by if -1 / 4 ^, 
which decreases monotonically as one comes in from the asymptotic region. In order for the type 
IIB description to be reliable, this radius must be much larger than the string length scale. When 
this circle gets smaller than the string length scale, the more appropriate description is obtained 
by T-dualizing along the £3 direction. Then one obtains a non-singular D2-brane solution given 

by m 

ds 2 Q = H-^ 8 (-dt 2 + dxj + dx 2 ) + H 3 / s (dsl + dy 2 ), (2.12) 

F(4) = dt A dx\ A dx2 A dH^ 1 + *6-^(2)> ^(3) = mi(2) A dy, <p = —-logH. 

Note that T-duality has untwisted the X3, which now corresponds to the y coordinate of the 
transverse space. 

A convenient method for determining the preserved supersymmetry of this solution is to now 
dimensionally oxidize it to eleven dimensions, which results in a non-singular M2-brane solution 
given by 

ds 2 n = H- 2 / 3 (-dt 2 + dx 2 + dx 2 ,)+H 1 / 3 (dsl + dy 2 + dz 2 ), 

F (4) = dt A dxi A dx 2 A dH~ l + mL (4) , (2.13) 

where 

L( 4) = * 6 L(2) + L (2) A dy A dz, (2.14) 

is a self-dual harmonic 4- form on the 8-dimensional transverse space with the metric ds^ + dy 2 + dz 2 . 
The introduction of LaN to the M2-brane solution preserves all of the initial supersymmetries, 
provided that [22] 

L abcd T bcd e = 0, (2.15) 

where e is a Killing spinor in the 8-dimensional transverse space. This implies that the U{ must 
satisfy the linear relation: 

-u + u 1 +u 2 = 0. (2.16) 
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While the Kahler form does not satisfy this requirement, the second harmonic 2-form does and so 
the wrapped D3-brane solution is supersymmetric. 

Alternatively, we can perform T-duality along the ip direction of the D3-brane solution, which 
untwists the 5 5 /Z3 to CP 2 x S 1 [23]. Since CP 2 does not admit a spin structure, its spectrum 
contains no fermions. While the resulting type IIA solution is not supersymmetric at the level 
of supergravity, the missing superpartners are provided by stringy winding modes. Performing 
T-duality along the ip direction and lifting to eleven dimensions yields the solution 



2/3 



?* 2 / ,.9 . , 9 , 9 . ,. , 9\ -R 2 -—I , 9 . ^9 ,9 .9 



ds 2 n = l—j (-dt 2 + dxl + dxl + fdxl) + -jf^dr 2 + R 2 ds 2 CF2 + ^(dy 2 + dz 



2m ( 1 1 \ , , , R A ( . . m 2 



3 ( TYlR^ \ 

+ 2 ( i8~T rfx3 Adr + d y Adz ) ( sin2 0cr l A °"2 + sin(2(9)cfo- 3 A cZ6») , (2.17) 



where e (4) is the volume- form of CP 2 . The geometry smoothly interpolates from AdSs x CP 2 x M. 2 
at large distance to Mink3 x CP 2 x M 4 at short distance. 

2.2 On a resolved cone over T 1,1 /Z 2 

While there is an S^-wrapped D3-brane solution on the resolved conifold whose geometry is asymp- 
totically AdSs x T 1 ' , it has a naked singularity. On the other hand, there are S^-wrapped D3-brane 
solutions on the resolved cone over T 1,1 /^ which are asymptotically AdSs xT 1,1 /^ and completely 
regular [7]. The resolved cone over T 1 ' 1 /Z2 has the metric 

ds 2 = f-V + ^f(a 3 - S 3 ) 2 + ^R 2 M + a 2 ) + ^i? 2 (£ 2 + S 2 ), (2.18) 
where o~j and Ej are left-invariant 1-forms of SU(2) x SU(2), R 2 = r 2 + i 2 and 

2r 4 + 3^2 + ( 2 2)r 2 ± q £ 2 £ 2 
tL x tl2 

The radial coordinate r > 0. In order for the geometry described by the metric (|2.18p to be 
R 2 x 5 2 x S 2 at small distance for nonvanishing l\ and £2, the principal orbit must be T 1 ' 1 /Z2. 

The metric (I2.18P was found in [21] with the radial coordinate p and the parameters a and b 
given by 

2p 2 = R 2 , 12a 2 =l\-l\, 166 6 = l\{U\ (2.20) 

where a and b correspond to a blown- up 2-cycle and a blown-up 4-cycle, respectively. This reduces 
to the metric of the resolved conifold [25] for vanishing b and is included in the class of metrics 
obtained in [26,20j for vanishing a. 

A 2-form that preserves the isometry of (12.18P has the form given by (12. 5p expressed in the 
vielbein basis 

dr 1 Ri 2 R l 
e = —=, e = , u\. e = , <79, 

v7 V12 

e 3 = -^Ex, ^ = %^ e 5 = ^ x //(a 3 -S 3 ), (2.21) 
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where the u, depend only on r. In this case, there are three harmonic 2- forms. Besides the Kahler 
form, there is one with 

(g-^Kr^-fflj) r 4 + 2l 2 r 2 +l 2 l 2 r 4 + 2i 2 r 2 + ^2 
U0 = ipi ' Ul = RjB 2 ' U2 = ipi • (2 ' 22) 

This 2-form is square integrable at short distance. However, it is non-normalizable at large distance 
and carries non-trivial flux. The last harmonic 2-form is given by 

i?? + iia 1 1 / \ 

-ft^JX2 -fl^rt2 ^1^2 

This 2-form is square integrable at short distance and normalizable with vanishing flux. These two 
2-forms can be used to have two of the D3-brane worldvolume directions fibered over the transverse 
space. This yields a regular solution with 

£f(£ 2 -£ 2 ) 2 m 2 + m 2 , £j{£ 2 -£ 2 ) 2 m 2 + m 2 
+ U\{£ 2 - 3£ 2 )(£ 2 - £ 2 )R 2 + U\{£ 2 - 3£ 2 ){£ 2 - £ 2 )R 2 ^ 



£\i\{£\ + £ 2 ) 2 m 2 + (g - tjfml ( 4r 2 + 3(£ 2 + £ 2 ) - y/3(£j - 3£ 2 )(3£ 2 

^ /7T nA f\A / /tO n /lO\ Q /I /iO »0\Q/1 & 




2V3^ 2 1 (£l " 3£|) 3 / 2 (3^ - ^)3/2 - \^ 4r 2 + 3 (£2 + £2) + _ 3Z|)pf - 

for ^2 7^ ^i and £2 7^ £i/V3, where m\ and 777-2 are associated with the 2-forms with (|2,22p and 
(I2.23P and the wrapped worldvolume directions have periods irmi/3 and irm2 / (6£ 2 £ 2 ) > respectively. 
For £2 = £\ we have 

^ 1 + ^ + i^ tm (ra?)' < 2 - 25 > 

and for £2 = £\j\[3 we have 

„ n m 2 ^(27r 6 +63£fr 4 + 45^r 2 + ll^)+4m|(18r 4 + 36£fr 2 + 19£f) 

+ 36«(3r 2 + ^ 2 ) • (2 - 26) 

One can also superimpose the 2-forms to construct a D3-brane solution with a single world- 
volume direction fibered over the transverse space. The wrapped direction has a period of Timi/3 
and £\£\m\jm2 must be rational in order to have a smooth manifold. Note that H may contain 
mixed terms in mi and mi- For £2 = £1, there are no mixed terms in H. On the other hand, for 

£2 = h/Vs, 

9m 2 (18r 4 + 36£jr 2 + 19£f) + 2£\m 2 (27r 6 + 63£ 2 r 4 + A5£fr 2 + ll£f ) 



if = 1 + 



72£fRf(3r 2 + £ 2 ) 



mim2 ( 9r 4 + 18£ 2 r 2 + n< 4) 

+ 12£ 2 i?f(3r 2 + ^ 2 ) • 10 

Note that (|2.26p does not arise in any limit of (|2.27p . since the value of the integration constant 
that yields a regular solution itself depends on mixed terms in m\ and 7712- 

For vanishing m\ and taking the integration constant in H to be instead of 1, H has an 
asymptotic expansion which can be written as 



H 



M£f4p 4 



.2 



mi(£{+£i) 1 + 6a^ + 
P 2 



(2.28) 
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The geometry is AdSs x T 1 ' /Z2 at large distance and a product space of three-dimensional 
Minkowski spacetime and a U(l) bundle over M 2 x S 2 x S 2 at short distance. The UV limit 
of the dual field theory is the Z2 orbifold of the conifold theory [27j called the Fo theory 

The blown-up 2-cycle, which is a global deformation in that it changes the position of the 
branes at infinity, corresponds to a dimension-two scalar operator that can be written in terms of 
the bifundamental fields as [13] 

(2.29) 



K. = A a A a - BaB a + C a C a - D & D C 



This operator lies within the U(l) baryonic current multiplet, and its dimension is protected since 
the conserved current has no anomalous dimension. As one flows from the UV fixed point, this 
operator gets a vacuum expectation value that goes as a 2 . The dimension-six non-mesonic scalar 
operator that corresponds to the blown-up 4-cycle gets a vacuum expectation value that goes as 
6 6 . Also, the fibration corresponds to turning on a dimension- two vector operator along the X3 
direction with a vacuum expectation value that goes as 



m 2 (^+«)' 

We can perform T-duality along the U(1)r direction of T 1,1 /Z2, which untwists T 1 ' 1 /Z2 to 
S 2 x S 2 x S 1 [23]. Although supersymmetry is broken at the level of supergravity, it is still 
preserved within the full string theory. Performing T-duality along the ip direction and lifting to 
eleven dimensions yields 



(4) 



+ 



1 

V2 



--R 2 (a 2 + a 2 ) + -^-R 2 (Z 2 



+ 



+ 



+ 



dt A dx\ A dx2 A 



Si A S 2 — (J\ A 0"2 



dt 2 + dx\ + dx\ + H\^r l dr 2 + 7T 1 
1 

12 

(R 2 + Rl)r 



fr 2 

— dx\ + dy 2 + dz 2 



si) 



QR\R\ 
-d( m 



dr 



\2hR\R\ 



YIR\R\ 
A dxj, 



dH 



-1 



/Hfr 2 

dt A dx\ A dx 2 A dy A dz A -^dx 3 A dH 

\ 3Qh 



Ady Adz 

m{R{ + R 2 )r 



72R\R%h 



dxs A dr 



1 



12R 2 R 2 



((71 A (72 — Si A S2^ 



where 



h 



1 1 
36 IteRi Ri 



> 0. 



(2.30) 



(2.31) 



Since h > 0, this solution is free from curvature singularities. The geometry smoothly interpolates 
from AdSs x S 2 x S 2 x M 2 at large distance to Mink^ x S 2 x S 2 x M 4 at short distance, where 
from now on we will use Mink^ to refer to (i-dimensional Minkowski spacetime. In order to avoid 
a conical singularity at r = Tq, the coordinate 23 has a period of 7rm2/(6£|^|). 



2.3 On cones over Y VA 

We will consider cones over the Y p ' q Sasaki-Einstein spaces [28 , 29J which have the metric 

dsl = K^)- 1 dr 2 + -K(r) r 2 (dip + A) 2 + r 2 dsj, 
9 



(2.32) 
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where 

A = - cos 8 dcp + y(df3 + cos 8 dcj)), K(r) = l-- g , (2.33) 

and the radial coordinate r > b. The Y' p ' q metric has been expressed in canonical form with its 
base space given by the Einstein-Kahler metric 

1 dn 2 1 

ds\ = ~(1 - y)(dd 2 + sin 2 0# 2 ) + f + —w(y)q(y) (dp + cos0#) 2 , (2.34) 
6 w{y)q(y) 36 

with 

2(a - y 2 ) . N a - 3y 2 + 2y 3 , ^ 

= i % ?(v = 2 • 2 - 35 

1 - 2/ a - 2T 

Note that cZ_4 = 6J, where J is the Kahler form of the base space. The S 2 coordinates 9 and <f> 
have the ranges < < ir and < < 2tt. The angular y coordinate has the range y\ < y < y2, 
where yi are the two smaller roots of q(y). a and y, can be written in terms of the Chern numbers 
p and q as 

1 p 2 - 3q 2 



2 4p 3 
1 



y 4p 2 — 3g 2 , 



2/1 = 4^ 
1 

4p 



2p - 3g - V¥^3g2 



2/2 



2p + 3g - ^p 2 - 3<? 2 ) . (2.36) 



The six-dimensional metric (12.32p uses the general construction given in [20] and has been 
considered in \30 \ 13 1 \ [13^1 . While there is no curvature singularity for nonvanishing b, there are 
generally conifold fixed points of complex co-dimension two at the apex of the cone [311113] . There 
are special cases for which these are orbifold fixed points and the string dynamics is well defined 
[331 [M]. Then the Sasaki-Einstein space is in the quasi-regular class and y 4p 2 — 3q 2 is integer- 
valued. This implies that the volume of the Y p ' q space is a rational fraction of the volume of the 
unit 5 5 , corresponding to rational central charges in the dual gauge theory [29] . The larger family 
of spaces with conifold rather than orbifold singularities corresponds to irrational central charges in 
the dual gauge theory. For the cases in which the singularities correspond to orbifold fixed points, 
we denote the cone as C(y p ' 9 )/ZjVi,7v 2 . This space becomes S 2 x C 2 /^^ in the vicinity of the 
orbifold fixed-points at r = ro, y = yi- The simplest example of an orbifolded resolved cone is 
C{Y ,1 )/Z4 ] 2, for which a = 1 and the Y ' space is S' 5 /Z2. Examples for higher values of p and q 
include 

C(Y 7 ' 3 )/Z 70i56 , C(Y 7 > 5 )/Z 12 6,84, C(Y 13 < 7 )/Z 3 i2,234, C(Y 13 ' 8 )/Z 91i65 . (2.37) 
One harmonic 2-form supported by these six-dimensional cones is given by 

= r 2 { ^_ y) 2 ( el A e 2 - e 3 A e 4 ). (2.38) 



1 Cones over the larger family of L pqr Sasaki-Einstein spaces |32| have also been considered in 
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This 2- form is square- integr able for r — > b and the range in y is such that L (2) never diverges. 
However, since L (2 ) is not normalizable at large distance, the resulting ten-dimensional geometry 
will not be asymptotically AdS. Another harmonic 2-form is 

L (2) = -g (e 1 A e 2 - 2e° A e 5 + e 3 A e 4 ), (2.39) 

which is square-integrable at short distance and normalizable at large distance. For the latter 
harmonic 2-form, we can easily find closed-form solutions for the function H of the form H = 
h(r) + g{y). However, in order for d y H to remain finite in the asymptotic region, we find that it 
must not depend on y. There is a solution given by 

2 

771 

H = W (2 - 40 > 

The geometry interpolates from a product space of Mink3 and U(l) bundle over C(Y p ' q ) at short 
distance to AdSs x Y p ' q for large distance. The dual field theory flows from an N = 1 superconformal 
quiver gauge theory [12J to an N = 2 three-dimensional theory. The fibration corresponds to a 
dimension-two vector operator along the X3 direction, and the blown-up 4-cycle corresponds to a 
dimension-six non-mesonic scalar operator which gets a vacuum expectation value that goes as 6 6 . 

Note that a completely regular cone over Y 2 ' 1 has been constructed in [35], which involves a 
blown-up 2-cycle and 4-cycle. However, the harmonic 2-form supported by this cone, along with 
the function H, would necessarily have angular dependence. 

2.4 From lifting a five-dimensional magnetic AdS soliton 

Five-dimensional Einstein-Maxwell theory has a magnetically-charged AdS soliton solution given 
by 

dsl = g 2 r 2 [-dt 2 + dx\ + dx\ + fdxf\ + 

B w = -^-dx 3 , (2.41) 

and r > ro where tq is the largest root of /. The circular X3 direction smoothly caps off like a cigar 
geometry, provided that X3 has a period of 

27T7 -5 

For vanishing b, this reduces to the AdS soliton [36]. A multiple-charge generalization of this 
solution in five-dimensional J\f = 2 gauged U(l) s supergravity arises in a large mass limit of the 
global AdS solitons found in [15] . However, we will focus on the equal-charge case of these solutions, 
for which the AdS soliton carries U(1)r graviphoton charge. Using the consistent Kaluza-Klein 



where 
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reduction ansatz presented in |16j then enables us to lift the solution (|2.41 j) to type IIB theory on 
a Sasaki-Einstein manifold Y p,q . The resulting S^-wrapped D3-brane solution can be expressed as 



ds 



10 



(5) 



2 2 

9 r z 



-dt 2 + dx\ + dx\ + f(dx 3 + A {1) 



+ 



g2 r 2 



^+ r -X(d^+A) 2 +r 2 ds 
f 9f 



dt A dx\ A dx2 A 



2b 3 

Ag*r 6 dx 3 A dr H T J 

9 2 



+ dual, 



where 



/ = 1 



ii 

^4 ' 



An 



b 3 



(i) 



(2.44) 



(2.45) 



2>g 2 r A f 

A is given by (|2.33p and J is the Kahler form of the base metric ds 2 given by ()2.34p . For vanishing 
/i, the transverse space reduces to the Ricci-flat cone given by (|2.32p . For b ^ 0, / > 0. This means 
that the period of x% is solely dictated by the connection on the fiber, and is therefore different 
from what is required in five dimensions. The period of X3 is 

2Trb 3 



Ax 3 



3g 2 (r 2 



(2.46) 



The asymptotic geometry is generally AdSs x Y p,q . However, as discussed in the last subsec- 
tion, using Y p ' q spaces for this construction means that there are generally orbifold or conifold 
fixed points, with the exceptions of S 5 /Z3 and T ' /Z2 for which the resulting ten-dimensional 
background is completely regular. 

One can also consider the AdS soliton in five-dimensional J\f = 2 gauged U (l) 3 supergravity 
with three independent charges |15j . Using the consistent Kaluza-Klein reduction ansatz in [37J, 
one can lift this solution on jTL^ to obtain a more general D3-brane solution. This is something 
that cannot be done for T 1,1 /Z2 [38] or the Y p,q spaces in general [16] . since this would involve 
SU(2) x SU (2) vector multiplets, which it is inconsistent to retain in any truncation to the massless 
sector. 



2.5 On a six-dimensional Schwarzschild instanton 

A six-dimensional analog of the Schwarzschild instanton [39] has the metric 

dsj = r X dr 2 + fdip 2 + j (dQ 2 2 + dn£) , (2.47) 

where 

/ = l-j|, (2.48) 
the coordinate ip has a period of 47rro/3 and r > tq. Three harmonic 2-forms are given by 

L} 2) = -^drAd^, L 2 2) =n {2) , L 3 2) =n {2) . (2.49) 

These can be used to construct a D3-brane wrapped on one, two or three directions which are fibered 
over the Schwarzschild instanton [9j. For the case of three wrapped directions, they must have the 
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periods 47rmi/(3ro), 4-7T7772 and 47rm3, respectively, in order for the manifold to be simply connected. 
For the case in which the connections are used for a single fibered direction, the resulting manifold 
will be simply connected if 772.3 = m 2 = m i/(^ r o)- We can also have non-simply-connected smooth 
manifolds if the ratios 777.3/777.2 and 3rQ 772,2/7771 are rational- valued. The corresponding function H 
is given by 

(2.50) 



777? 777n + r77o 



2>/3rg 



Since the circular ip direction has a radius that stabilizes, we can perform T-duality along this 
direction. Furthermore, if the fibration involves the ip direction, then the radius of ip is nowhere 
vanishing and the resulting T-dual solution can be completely regular. We will consider the case 
in which only mi is nonvanishing. Performing T-duality along the ip direction and lifting to eleven 
dimensions yields the solution 

2 

ds 2 u = hhH'l -dt 2 + dxl + dxl + H^r 1 dr 2 + r —{dnl + dnl) + h~ l {fdxl + dy 2 + dz 2 )} 

777? 711 ( 3 \ 

F w = -^^{f-fH- 1 -l)n {2) ^n {2) -—dt^dxl^dx2^ydH- 1 + -drj 



where 



' 

+ d A dx 3 A dy A dz, (2.51) 

2 

h = f+ > 0. (2.52) 

Since h > 0, this solution is free from curvature singularities. In order to avoid a conical singularity 
at r = ro, the coordinate £3 has a period of 47T777i/(3?''q). Note that for mi = rjj, h = 1 and there is 
a Ricci-flat subspace that is the direct product of the six-dimensional Schwarzschild instanton and 
a 2-torus. 

2.6 On generalized Taub-NUT/BOLT instantons 

A six-dimensional generalization of the Taub-BOLT metric^ is given by [IQ] 

dsl = f^dr 2 + AN 2 f dtp 2 + R 2 (dQl + d&l), (2.53) 

where 

(r + N)(r-3N) d$ = dip + cos Odcj) + cos 0d4>, R=\/r 2 - N 2 , (2.54) 

tp has a period of 127r and r > 3N. The geometry goes from M? x S 2 x S 2 at short distance to a 
U(i) bundle over a cone over S 2 x S 2 at large distance. One could replace S 2 x S 2 by CP 2 , for 
which there is a regular Taub-NUT instanton as well, however we will focus on the S 2 x S 2 case. 
Note that this Taub-BOLT instanton does not admit a spin structure since each S 2 factor generates 
an element of H2 of odd self-intersection [42], although it may still admit a Spin c structure. 



2 Solutions based on more general Kerr-Taub-Bolt instantons have been constructed in [41] 
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Besides the Kahler form, this metric supports two harmonic 2-forms of the form (|2.5p expressed 
in the vielbein basis 

e° = -^=, e 1 = Rd8, e 2 = Rsin 



Rdd, e 4 = Rsm9d4>, e 5 = y/fdip, (2.55) 



with 



u = - 7T^lm3 > n l = u 2 = 7— W , (2.56) 



4iV r ± 3iV 

which we will associate with m±. Neither form is normalizable at large distance but they are 
both square integrable at short distance. Thus, we can use these two forms to construct a regular 
D3-brane wrapped on a 2-torus fibered over the Taub-BOLT instanton [U] with 

m 2 (llr 3 + 20N r 2 -17 N 2 r + UN 3 ) 4m 2 , 

H = 1 7TTTT7 h 



16N(r + N) 4 N(r + N) 

m\{\2r 2 - 3Nr + lliV 2 ) 96ml - 11m? fr-N 



6iV(r-iV)3 + 32iV2 lo S J " ( 2 ' 57 ) 

In order for the solution to be regular, the two 2-forms must be associated with different directions 
on the worldvolume the D3-brane. The wrapped directions have the periods 37rm + /(2iV) and 
6nm-/N, where 2N must be integer- valued in order for the manifold to be regular. 
An alternative six-dimensional generalization of the Taub-BOLT metric is given bj|§ 



dsl = f- l dr 2 + AN 2 fd4> 2 + (r 2 - N 2 )dn 2 2 + r 2 dQ 2 2 , (2.58) 

where 

(r + N)(r-2N) 

f= 3r(r-N) ' # = # + cos0#, (2.59) 

ip has a period of Air and r > 2N. The geometry goes from R 2 x S 2 x S 2 at short distance to a U(l) 
bundle over a cone over S 2 x S 2 at large distance. Besides the Kahler form, this metric supports 
three harmonic 2-forms of the form (|2.5p expressed in the vielbein basis 



e° = 4i> e 1 = Vr 2 - N 2 d9, e 2 = Vr 2 - N 2 sin 
V / 

e 3 = r d#, e 4 = rsin##, e 5 = 2N y r fdi>. (2.60) 



The three harmonic 2-forms have 



and 



3r 2 - iV 2 2iV . 

^0= r 2( r 2_ A r2) 2 ' ^ = ^2,^2)2 ' U2=0 ' ( 2 - 61 ) 

r 3iV 2 - r 2 

U °" AT(r 2 -7V 2 ) 2 ' Ul = 2iV 2 (r 2 -7V2)2' U2 = °' (2 ' 62) 

u = ui = 0, u 2 = (2.63) 



3 We could also consider the multiple nut parameter extension that found in [44] , 
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which we will associate with mi and to 2 and 777,3, respectively. While the second and third forms have 
non-trivial flux and are not normalizable at large distance, all three of them are square integrable 
at short distance. Thus, we can use these three forms to construct a regular D3-brane wrapped on 
a 3-torus fibered over the Taub-BOLT instanton with 



H 



1 + 



1 



96iV 5 



(4m? + ml) (3N 3 + 31N 2 r + 29Nr 2 + 9r 3 ) 20mf + 41m| + \32m\ 



144(771? + mf) 



+ 



(r - N)(r + N) 3 
32(4m? + ml + 18ml) 



+ 



r + N 



N 



log 



r + N 



(2.64) 



The wrapped directions have periods Ai:mi/(3N 2 ), 2irm 2 /{3N 2 ) and Anm^ /(N 2 ). Note that one 
can also use the superposition of 2-forms to construct a D3-brane solution with a single worldvolume 
direction fibered over the transverse space. For example, for the metric ()2.58|) . this yields 



H 



1 



3(m?+m§) i 3(2mi+m 2 ) 2 , {2m x - m 2 ) 2 {r + 3N) 



+ 



+ 



2N 5 r 32N 5 (r-N) 
(10mi - 41m 2 )(2mi - m 2 ) + 432mJ 



+ 



A8N 4 (r + N) 3 

(2m 1 - m 2 ) 2 + 18mo , / r + N 
— 2. log 1 



(2.65) 



96A^ 5 (r + iV) 3iV 6 

Regularity then requires that the ratios of m\, m 2 and m% are all rational- valued. 

Simply taking r — > —r transforms the six-dimensional Taub-BOLT metric (|2.58p into a Taub- 
NUT metric, where now r > N [43J. However, now there is only a single harmonic 2-form that 
is square integrable at short distance, providing a regular D3-brane wrapped on a circle that is 
fibered over the Taub-NUT instanton. 

Since the ip direction has a radius that stabilizes, we can T-dualize along this direction. As an 
example, consider the T 2 -wrapped D3-brane on the Taub-BOLT instanton with the metric (|2.58p 
and the 2-forms specified by (I2.6ip and (I2.62H . We will not consider the 2-form specified by (|2.63j) 
since this one does not lie along the rp direction and can easily be added back in once we perform 
T-duality anyway. The 2-forms with (|2.6ip and ()2.62j) have the corresponding 1-form potentials 

2iV77li 



^1 



(1) 



A 



(i) 



Axdip, 
A 2 d4>, 



r{r 2 -N 2 Y 
(r 2 - 3N 2 )m 2 
2N 2 (r 2 -N 2 )' 



(2.66) 



We will associate AjL and A 2 ^ with the x\ and x 2 directions, respectively. After T-dualizing along 
the if) direction and lifting to eleven dimensions, we have 



dsn 



1 2 



dt 2 + gh 1 [dxi — g 1 AiA 2 dx 2 ) 2 + dx 



+ H (f- l dr 2 + (r 2 - iV 2 )df2 2 + r 2 dVi 2 2 + AN 2 fg- l dx 2 2 + h~ 1 {dy 2 + dz 2 ) 



(2.67) 



(i) 



[P {5) A dy A dz^j + [d(h 1 A 1 ) A dx\ + d(h 1 A 2 ) A dx 2 - VL (2) ] Ady Adz 



+ dt A dx 3 A (2A 1 A 2 Q (2) + dA x A dx 2 + dA 2 A dxi) - 2NH'f(r 2 - N 2 )r 2 VL (2) A n (2) , 
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where 

F (5) = 2/i~ 1 ^ (2) A (NH'f(r 2 - N 2 )r 2 Vt {2) - A x A 2 dt A dx 3 ) A {A t dxi + A 2 dx 2 ) 



and 



dt A tfc 3 A (2) A {A 2 dxi + Aidx 2 ) + ^(^1 ~ ^2) A ^ 4 z. ( 2 - 68 ) 



= 4N 2 Hf + A 2 > 0, h = AN Hf + A{ + A 2 2 >0. (2.69) 

For nonvanishing m\ and m 2 , a conical singularity at r = 2N is avoided provided that x 2 has 
a periodicity of 2irm 2 /(3N 2 ) and the connection on the fiber implies that x\ has a period of 
47rmi/(3iV 2 ). If 771,2 = 0, then the metric in (|2.67p reduces to 

ds 2 n = h x l z R- 2 l z -dt 2 + dx 2 2 + dx 2 3 + H^r 1 dr 2 + (r 2 - N 2 )dn 2 2 + r 2 dCl 2 2 

+ AN 2 fh- l dx\ + h- 1 {dy 2 + dz 2 )^ . (2.70) 

Now the x\ direction must have a period of 4-777721 / (3./V" 2 ) in order to avoid a conical singularity at 
r = 2N and the period of x 2 is arbitrary. If instead m\ = then the metric reduces to ()2.70p with 
mi replaced by 7712, x\ and x 2 interchanged and the periods adjusted accordingly. 

3 Toroidally-wrapped M2-branes 

The toroidally-wrapped M2-brane solution with maximum fibrations has the form [8] 

ds 2 n = H~ 2 /\ u dx»dx u + H^dsj, 

F w = d 3 x AdH' 1 + -e^pdx 11 Adx v AdA^, (3.1) 
where dx^ = dx^ + A^ , dA^ r) = m^L^ 2) (// not summed) are harmonic 2-forms in the transverse 

is given by 



space of the metric ds\, and fj,, v = 0, . . . 2. The equations of motion are satisfied if the function H 



where □ is the Laplacian on ds|. 

Note that we can dimensionally reduce along the x 2 direction to get a fundamental string in 
type II A theory given by 

ds 2 = H~ 3 / 4 (-{dx ) 2 + {dx 1 ) 2 ) + H^ds 2 , 

F (4) = dx° A dx 1 A dA 2 {1) , 

F {3) = dx° A dx 1 A dH^ 1 + mdx° A L* 2) — mdx 1 A L° 2) , 

F (2) = mL 2 2) , (3.3) 

e" 2 * = ff. 

L° 2) is associated with rotation, LjL is associated with a wrapped direction that is fibered over the 

2 

(2) 



transverse space, and L? 2) is associated with flux. 
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3.1 On a regular cone over S 7 /Z4 

A regular cone over 5 7 /Z 4 is given by [19] 



where 



dsj = f dr 2 + r 2 ( -fdip 2 + da 2 + - cos 2 a sin 2 a (d/3 - cos 0i#i + cos 2 #2) 2 (3.4) 
V 9 4 

+ - cos 2 o(d6l + sin 2 M</> 2 ) + - sin 2 a(dQ\ + sin 2 2 #| 

6 8 ~ 3 3 3 

f = l 5-, dip = di[> + - cos(2a)d(3 cos 2 a cos 9\d(j)i sin 2 a cos 2 d(f> 2 , (3-5) 

r 8 4 2 2 

■0 has a period of 37r/2 and r > b. A 2- form that preserves the isometry of (|3.4p has the form 

L (2) = ii e° A e 7 + uie 1 A e 2 + u 2 e 3 A e 4 + u 3 e 5 A e 6 . (3.6) 
where we are using the vielbein 

e° = —7=, e 1 = - cos e 2 = - cosusin^ifi^i, 

v/ 2 2 

e 3 = -sincj(i^2 5 e 4 = - sinusin^^^, e 5 = rda, 

e 6 = - coscjsincr (ii/3 — cos6*i(i(/>i + cos^2^2) , e 7 = -y/fdijj. 
2 3 

Two harmonic 2-forms are specified by 

u = -g, Ul = U2 = M3 = ^g, (3.7) 

and 

1 . . 

n = 0, «i = ii 2 = ii3 = -j, (3.8) 

which we associate with mi and m 2 respectively. These 2-forms can be used to construct a regular 
M2-brane solution wrapped on a 2-torus which is fibered over the transverse space, for which 



7m? 3b 8 ml - 7m? 

J_T 1 I i_ _[_ £ J_ 

8 58 r 2 ^ 86 io 



arctan 1 — + arctan 1 H — 



(3.9) 



For r — > 00, 



3rao 7m? — 3m? 
Hnsl + — # + 1 , in R 2 +••• (3.10 

In order for the solution to be regular, the two 2-forms must be associated with different directions 
on the worldvolume the M2-brane. The geometry is generally a direct product of Mink3 and a cone 
over 5 7 /Z4 at large distance and Mink3 x M. 2 x CP 3 at short distance. However, for m-2 = and 
setting the integration constant in H to instead of 1, the geometry is asymptotically AdS 4 x S 7 '/Z4. 
The UV limit of the dual theory has been conjectured to be a three-dimensional level 4 U(N) x U(N) 
N = 6 superconformal Chern-Simons matter theory |14| . M2-branes (not wrapped) on the regular 
cone over S 7 /Z4 have been considered in [45U46] . where it was shown from the linearized form of 
the metric that the resolution of the cone corresponds to turning on a dimension-4 operator. For 
the above wrapped M2-brane solution, the fibration corresponds to turning on a dimension-zero 
vector operator whose expectation value goes as b /m\. 
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3.2 On a regular cone over Q 1 ' 1 ' 1 /Z 2 

The coset space Q 1 ' 1 ' 1 possesses U(1)r x SU(2) 3 symmetry [17]. The resolved cone over Q 1 ' 1 > 1 /Z 2 
has the metric [5] 



ds 



2 

2 



s ' 16/i 2 



where 



and 



3 



(dni) 2 = + am 2 Oidtfi, a = dip + ^cos^#i, (3.12) 



t=i 



ft2_ 3 fit Q? 2_ 2,*2 1 3 1 

3r6 + 4E^fr4 + 6E 4<J ^ 2 + 12n i ^ 2 ' 1 ( j 

In order for the geometry to be M. 2 x S 2 x S 2 x S" 2 at small distance as r — > for nonvanishing £{, 
ijj must have a period of 27r and the principal orbit must be Q ' ' /Z 2 . 

While there are four harmonic 2-forms that live on this space, we will focus on the one that is 
square integrable at short distance and normalizable at large distance [8], given by (I3.6P with 

e° = h dr, e 7 = ca, e 2 - 7-1 = ajd9j, e 2 - 7 = a,j sin Ojdfy, (3-14) 

for j = 1,2,3 and the functions 

3r 4 + 2E^ 2 + E^-/^ 2 1 1 1 

u = , ui = 4 2 2 , u 2 = 2 4 2 , -u 3 = (3.15) 

For £j = I, a regular solution for i7 can be written in closed- form as 

m 2 

H= ^8^2+^2)3' ( 3 - 16 ) 

The geometry is AdS4 x Q 1 ' 1 ' 1 /Z 2 at large distance and a product space of Mink 2 and a U(l) 
bundle over K 2 x S 2 x S 2 x S 2 at short distance. 

We can use perturbative methods to find regular solutions based on the exact solution given by 
(|3.16p . In particular, for £\ = £{l + ei), £% = £(1 + £2) and £3 = £ with e%, e 2 >C 1, we have 

_ m 2 (e 1 + e 2 )m 2 (4r 2 + 7^ 2 ) 

~ 4 £8( r 2 + ^2)3 6 ^8( r 2 + £2)4 ^ <> 



+ 



(e 2 + e 2 )m 2 



36£ 14 

ei€' 

+ 



! (115^ 8 + 95£ 6 r 2 -20fV 4 -48£ 2 r 6 -12r 8 ) / 2£ 



+ 12 arctan 1 + 



1)2 



r 2 + £ 2 f 

■ 6 4- 3r 8 3 / 9/ 2 M 

+ 0(e 3 ). 



eie 2 m 2 |"50£ 8 + 64£ 6 r 2 + 32^ 4 r 4 + 12^ 2 r 6 + 3r 8 3 / 2^ 

-9^12- [ (r 2 +£ 2 )5 ^ arctan ^ 1 + -^ 



We can also study the general properties of H at short and large distance for arbitrary £{ away 
from the above perturbative regime. At large distance, 

+ ( 3 - 18 ) 
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which is asymptotically AdS4 x Q 1,1 ' 1 /^- At short distance, 

Hal i 6r ^.^8 r + • • • > ( 3 - 19 ) 

from which we see that all of the i{ must be nonvanishing in order for the solution to be regular. 

The UV limit of the dual field theory is a three-dimensional M = 2 superconformal field theory 
[38]. More specifically, it has been conjectured that the dual field theory is a U(N) 4 Chern-Simons 
quiver gauge theory at level 2 [39] (see also [50ll5"T]). 

3.3 On a regular cone over the Stiefel manifold 

The Stiefel manifold V§p is a homogeneous Sasaki-Einstein seven-manifold. The metric for a regular 
cone over V§ t 2 was found in [52,4]. Since it has a non-collapsing 4-cycle, it supports a harmonic 
4-form which is square integrable at short distance. However, it does not have a non-collapsing 
2-cycle and therefore does not support a square-integrable harmonic 2-form. Here we consider a 
regular cone over V52/Z3 using the general construction of [20], which does have a non-collapsing 
2-cycle. Since Vs,2 is the coset manifold 50(5)/50(3), it will be useful to consider the left-invariant 
1-forms Lab ° n the group manifold 50(5), which satisfy 

dL AB = L AC AL C B, (3.20) 

for A = 1, ... ,5. We consider the 50(3) subgroup by splitting the index A = (1, 2, i). The 1-forms 
in the coset 50(5)/50(3) are 



ai = Lu, ai = L 2 i, v = L\2i (3-21) 



which obey 



doi = v A CTj + Lij A (Tj, d&i = —vooi + A aj, dv = —Oi A cfj, 

dLij = Lik ALkj — (Ti Acjj — ai Aaj, (3.22) 

where the Lij are the left-invariant 1-forms for the 50(3) subgroup. 
A regular cone over V^^ is given by 

dsj = r'dr* + i 2 /- 2 + \r 2 tf + ah (3.23) 

where 

f = l-- 8 . (3.24) 

This supports a harmonic 2-form that is square integrable at short distance and normalizable at 
large distance, given by 

6 1 

L (2) = -ydr A v + -gdj A <7j. (3.25) 

A regular solution is given by 

H = m*- (3 - 26) 
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An expression for the metric on V§ t 2 in angular coordinates was found in [53J. From this, it can be 
seen that regularity of the cone f|3.23[) requires that the period of the coordinate associated with 
the U(1)r symmetry is reduced to one third of what it would otherwise be for the space. Thus, 
the asymptotic geometry is AdS^ x 14,2/^3 , whose dual field theory has been conjectured to be 
a three-dimensional M = 2 Chern-Simons-quiver theory with gauge group J7(iV) 3 x t7(iV)_ 3 [54J. 
Since the SO(5) x U(1)r isometry of Vs^ reduces to SU(2) xU(l)xU (1)r upon taking the quotient, 
this has supplied the first example of a non-toric AdS4/ CFT3 duality. 

3.4 On a regular cone over M 3,2 

The coset space M 3 ' 2 (also known as M 1 ' 1 ' 1 ) possesses U(1)r x SU(S) x SU(2) symmetry [55]. A 
regular cone over M 3,2 is given by 

d 4 = y- + + s l) + j[ (S3 + § sin 2 fi a 3 ) 2 + ^ [4^ 2 + sin 2 /i (<r 2 + af + cos 2 jmt|)] , 

(3.27) 



where 



, r b + f(l 2 + 2^ + 2l 2 (l 2 + 2l 2 )r 2 + 4^ 2 _ 

J — 4 J a i — r ' % ' {O.ZHj 



a? a 



1"2 



and cjj and S, are left-invariant 1-forms on SU(2) x SU(2). A 2- form which preserves the isometry 
of (I3.27P has the form given by (]3.6p . where we have chosen the vielbein basis as 

n dr 1 2 3 AT 4 AT 

e = -y, e = —Si, e =—^2, e = y ^a 2 sin/iJi, e = y ^a 2 sin /icr 2 , 



e 5 = y|a2djU, e 6 = y <|j 02 sin cos /i<7 3 , e 7 = — ^— (S 3 + | sin 2 /i<r 3 ). 



We will first consider the case of l{ = £, for which there are solutions in closed form. It is 
simpler to transform the metric to the form 
7 2 2 

ds^ = — + ^ (s 2 + S 2 , + 5 (S 3 + § sin 2 fi a 3 ) 2 + 6^ 2 + | sin 2 /x(a 2 + cr 2 , + cos 2 n <r 2 )) , (3.29) 
where 

5 = 1--, (3.30) 

and p >b. Transforming the vielbein appropriately, one harmonic 2-form is given by 

2 1 . 

n = 0, ui = -3, -it 2 = u 3 = — . (3.31) 

The corresponding regular solution for is 

„2 



Another harmonic 2-form is 



7r / r 

- -arctan I ^ 



(3.32) 



l + V^ 1 ,„ „„, 

u ° = T r TTvff ' u i = ^ = -«s = (3.33) 
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and the corresponding H is 



H 



+ 



(1 + Vl3)m 2 
c =— 2 arctan 



64&6+4V13 

(1 + Vl3)m 2 



V2r 



+ 2 arctan 



16(2\/13- l)6 8 r 4 



13-2 



1 



13 5 
2~' 4 



1 + 



13 r 8 
6« 



+ log 



& 2 + r 2 



(3.34) 



where 2-F1 is the hypergeometric function and c is an integration constant. It can be verified that H 
is completely regular, going to a constant at small and large distance. For each case, the geometry 
is a direct product of Minowski3 and a cone over M 3,2 at large distance and a product space of 
Minkowski2 and a U(l) bundle over I 2 x S 2 x CP 2 at short distance. A third harmonic 2-form has 
u . ^ r 2 v / i3-4 w j 1 j c j 1 does not correspond to any regular solutions. 

Now we will consider the large and small-distance behavior of a regular solution for arbitrary 
l\ and £2- At large distance, 



n 



1 + 



2 r 4+2V13 



+ 



and 



H w 1 



U\ HI U2 



0.03m 2 



-u 3 



r 4+2V13 



+ 



-6+4V13 



+ 



(3.35) 



(3.36) 



Thus, there are no values of the parameters l{ for which the geometry is asymptotically AdS. At 
short distance, u% goes to a finite constant provided that both ii vanish and 



H ~ 1 - mV + 



(3.37) 



where the precise coefficients depend on l{ as well as the boundary conditions. 



3.5 On cones over Sasaki-Einstein spaces 

As we briefly outline here, one can consider eight-dimensional cones over the countably-infinite 
classes of Sasaki-Einstein spaces constructed in [56 ,32 ,57,58 which have a metric of the form 

ds\ = Kir)" 1 dr 2 + K(r) r 2 (dip + A w f + r 2 dsj, (3.38) 

where 

K(r) = 1 - ^, (3-39) 

and the radial coordinate r > b. The Sasaki-Einstein spaces can be locally expressed in canonical 
form as a U(l) bundle over an Einstein-Kahler base metric dsg, where cLA^ is proportional to 
the associated Kahler form. While there is no curvature singularity for nonvanishing b, there are 
generally conifold or, in special cases, orbifold fixed points at the apex of the cone. 

Cones of this form support a harmonic 2-form L {2 ) for which L 2 2) ~ 1/r 16 , which implies that it 
is square-integrable at short distance and normalizable at large distance. There is a corresponding 
solution for the function H ~ 1/V 6 , so that the geometry smoothly interpolates from a product 
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space of Mink2 and a U(l) bundle over the cone at short distance to the direct product of AdS4 
and the Sasaki-Einstein space at large distance. In the UV limit, the dual field theories have 
been proposed to be three-dimensional supersymmetric Chern-Simons matter theories. Many such 
examples can be found, for instance, in |59H61j . 

3.6 On Schwarzschild instantons 

We will now consider wrapped M2-branes on Schwarzschild instantons. Note that a more general 
solution that has three types of M2-brane charges dissolved in the fluxes on the Schwarzschild 
instanton, as well as angular momentum, has been constructed in |41j . 

An eight-dimensional version of the Schwarzschild instanton [39] has the metric 

2 3 

ds 2 = f-'dr 2 + fd^ 2 + r - ^(dff 2 ) 2 , (3.40) 

where 



5 „ 



/ = 1 - 4, (3-41) 



the coordinate ip has a period of 47rro/5 and r > vq. There are four harmonic 2-forms given by 



5 | 

^(2) = ~^E^ T ^ d"<P, -k( 2 ) = ^(2)> -^(2) = ^(2)> "^(2) = ^(2)' (3.42) 



These can be used to construct an M2-brane wrapped on one or two directions which are fibered 
over the Schwarzschild instanton, for which 



m\ m 2 + m| + m 2 
ri = 1-1 ^—r + 



r 5 r 5 QOr 2 



8(5 + V5)arctan ( ^ + (1 + ^ 
V r \/10-2V5 



+ lo, 



8(5-V5)arctanf 4r+ / (1 -^ )r °^ 

V W10 + 2V5 j 

+ r r 3 + r\r 2 + r\r + r$) 4 (r 2 + |(1 - y/E)r r + 'o 




y20 | >y* 



(3.43) 



We can reduce along the X2 direction to get a fundamental string in type IIA theory given by 
(|3.3p . Since the ip direction has a radius that stabilizes, we can T-dualize along this direction. 
Furthermore, if the fundamental string solution has a fibration involving the ip direction, then the 
radius of ip is nowhere vanishing. This implies that the T-dual solution in type IIB theory is regular. 
As an example, consider an M2-brane wrapped on the x\ direction using the harmonic 2-form L^, 
whose corresponding 1-form is 

A m = ^dip. (3.44) 
Reducing to type IIA theory along x<i and then T-dualizing along ip yields a type IIB pp-wave 
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solution given by 



ds 



10 



F NS 
p -20 



,2 3 



H^dt 2 + f^dr 2 + r — J2(d^2) 2 + h'^fdxj + H{dy + £ {1) ) 2 ) 



i=i 



JT 1 * A dxi A (H^fdH + ^dr^) , 



where 



r 5 r 5 



5(1 



(i) 



77Ji 



+ ^logtf dt. 



(3.45) 



JqT 10 H mi 

A conical singularity at r = ro is avoided provided that x\ has a periodicity of Airmi / (hr^) . For 
mi = Tq, h = 1 and the pp-wave propagates on a Schwarzschild instanton. 

We can also consider a wrapped M2-brane on the direct product of two four-dimensional grav- 
itational instantons. As an example, we consider the case involving two Schwarzschild instantons 
for which the metric of the transverse space is 

dsj = r l dr 2 + fdi; 2 + r 2 dn 2 2 + f~ l df 2 + fdi> 2 + f 2 dn 2 2 , 



where 



/ = 1- 



/=!-?, 
r 



(3.46) 
(3.47) 



the coordinates ip and ip have periods Atttq and 47rfo, r > ro and f > fo- We will consider fibrations 
involving the 1-forms 

m _ tjt, 

Ad = -dA (3-48) 
r 



A (1) = —dtp, 



which we will associate with the x\ and x^ directions, respectively. There is a regular solution with 

(3.49) 



2 ~ 9 

m, m 
H = l + + — . 

r^r tqt 



Note that ip and ^ both have radii which stabilize and are nowhere vanishing. Thus, we can reduce 
along ip and T-dualize along ip to obtain the type IIB solution 



ds 2 



10 



'(5) 



1 



dt 2 

H 



hh 



dt A dx\ A dx2 A 



dr 2 f 

h - 

/ h 

m 2 f 



df 2 / 



— + ^— + ^-dx? + r 5 ^ 2 , + ^C- + icte 2 . + r^dft 2 , + i(dy + .B^^ 2 
" ! ' ' //// 



r r 



fh 2 f \ 

2 dr + -^-^df A(dy + B (1) ) + dual, 



r r z 



t?RR 

r (3) 



7 NS 

(3) 

e 2 ^ 



= d( 


m 




r/i 


--( 


m 






f/t 


= M 


-l 

1 



m 



A cfai A (dy + B (1) ) + —dt A dx\ A 
r/i 



m 



A dx 2 A (dy + B (1) ) + -^rdi A dx 2 A 
r/i 



Hf (dH~ l + 



df 
f 

dr 
r 



m 



dr 



(3.50) 



m 



dr 
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where 



2 ~ 2 

Tfl ~ ~ TYl 

Hf + -2>0, h = Hf + -32->0, (3.51) 



and 

„ mm / i dr df\ y , 

dB (1) = dH~ l H h — A dt. (3.52 

rr \ r r J 

Conical singularities at r = r$ and f = fo are avoided provided that x\ and X2 have periods 4-7rm 
and 47rm, respectively. 

Note that if we instead reduce along ifi and T-dualize along ip then we obtain the S-dual of 
the solution (|3.5U|) . While one can also construct a regular solution with a single fibration from 
the 1-forms (|3.48j) . performing dimensional reduction and T-duality would then lead to a singular 
solution. 



4 Other brane solutions 

4.1 Toroidally-wrapped D5-branes 

If the transverse space has a 2-cycle L^ 2 ), then we can construct a regular toroidally-wrapped D5- 
brane, in which the circular directions are fibered over the transverse space [6]. The solution is 
given by 

ds 2 10 = H-^rj^dx^dx" + H 3 / 4 ds 2 4 , 

5 

F™ = * 4 dH - dA^ A 

e" 2 ^ = H, (4.1) 

where dx^ = dx^ + , dA^ = m^L^ (/i not summed) are harmonic 2-forms in the transverse 
space of the metric ds\ and *4 is the Hodge dual with respect to ds\. The equations of motion are 
satisfied, provided that 

1 5 

DiJ=--^(m%) 2 , (4.2) 



where □ is the Laplacian on ds\. 



fj,=0 

i- 



4.1.1 On an Eguchi-Hanson instanton 

The metric for the Eguchi-Hanson is 



where 



ds\ = f-V + \r^a\ + \r\o\ + a\\ (4.3) 
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and <7j are left-invariant 1-forms on SU(2). The radial coordinate r > a and the period of ip is 2tt 
so that the principal orbit is 5 3 /Z2 in order to ensure regularity at r = a. The metric admits a 
harmonic 2-form that is square integrable at short distance, given by 

L (2) = ^dr A a 3 + A a 2 . (4.5) 

We can use this to construct a regular D5-brane on a circle which is fibered over the Eguchi-Hanson 
instanton, for which 

2 

Tfl 

H = l + —. (4.6) 

arr z 

The connection on the fiber implies that the wrapped direction has a period of 'Km/a 2 . The 
geometry is asymptotically Minkg x M 4 /Z2 and a product space of Minks and a U(l) bundle over 
M. 2 x S 2 at short distance 

4.1.2 On a Schwarzschild instanton 

The metric for the Schwarzschild instanton is |39j 

ds\ = f^dr 2 + fdip 2 + r 2 dn 2 , (4.7) 

where 

/ = !--, (4.8) 
r 

and r > tq. In order to avoid a conical singularity at r = ro, the coordinate ip has a periodicity of 
4-7rro. This supports two harmonic 2-forms given by 

These can be used to construct a D5-brane wrapped on one or two fibered directions with 

H = l + m\ + ml (410) 

For the case of two fibered directions, the connections on the fibers associated with L^ 2) and L 2 2) 
imply that the directions have periods irrmi and 4-7rm2, respectively. For the case in which both 
connections are used for a single fibered direction, the resulting manifold will be simply connected 
if mi = m 2 - We can also have non-simply-connected smooth manifolds if the ratio m\jmi is 
rational- valued. 

Since the circular ip direction has a radius that stabilizes, we can perform T-duality along this 
direction. Furthermore, if the fibration involves the tp direction, then the radius of ip is nowhere 
vanishing and the resulting type IIA solution can be completely regular. Consider an 5 1 -wrapped 
D5-brane for which only L^ 2) is turned on, which corresponds to the 1-form 

Tfl 

A m = -dtp. (4.11) 
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Upon T-dualizing along the tp direction and performing dimensional oxidation, we obtain a regular 
solution in eleven dimensions given by 



where 



ds 2 u = h 1/3 H~ 1/3 -dt 2 + dxl + ---dxl + h- 1 (dz + B {1) ) 2 

+ H(r l dr 2 + r 2 dVi\ + fh~ x dx\ + h^dy 2 )] , (4.12) 

777"^ f / 777 \ 

F w = 7^:^(2) A dx 5 A dy + d j A dx 5 A dy A (dz + B w ) , 

777^ 777^ /* 777 

h = f+ — >0, B m = — -cos0# + — dx 5 . (4.13) 
ror tq r 

This is an S^-wrapped M5-brane solution, for which x^ is a coordinate on the transverse space 
while z is a worldvolume coordinate fibered over the transverse space. Since h > 0, this solution is 
free from curvature singularities. A conical singularity at r = vq is avoided provided that X5 has 
a periodicity of 47rm. Then the connection on the fiber implies that z has a period of Airm 2 /tq. 
The transverse space is not generally Ricci-flat due to the presence of the h function. However, 
for m = ro, h = 1 and the transverse space reduces to the direct product of the Schwarzschild 
instanton and a circle. 

4.1.3 On Taub-NUT and Taub-BOLT instantons 

The Taub-NUT/BOLT instanton [63] has the metric 

ds\ = f^dr 2 + 4N 2 f(d%b - cos 6d(f>) 2 + (r 2 - N 2 )dtt 2 2 , (4.14) 

where 

r 2 - 2Mr + N 2 9 9 9 9 , 

/ = — = (ffl 2 + S in 2 0c^ 2 . (4.15) 

For the Taub-NUT instanton M = N and r > N, while for the Taub-BOLT instanton M = \N 
and r > 2-/V. In both cases, in order to avoid a conical singularity and for the principal orbits to 
be regular, tj) must have a period of 4n. 

Harmonic 2-forms supported by this metric are given by 

Lf 2) = (r ± 2 [2Ndr A (# - cos 0#) ± (r 2 - iV 2 )ft (2) ] , (4.16) 
where f2 (2 ) is the volume-form corresponding to dQ,?,. The 1-form potentials are 

Af 1} = ±A ± (di; - cos 6d<f>), A± = m± • (4-17) 

For the Taub-NUT instanton, only yields a regular solution with a single fibration, for which 

2 
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For the Taub-BOLT instanton, both L%. and LZ-. are square integrable for r — > 2N. Therefore, 
these 2-forms can be used to construct a regular D5-brane solution wrapped on a 2-torus which is 
fibered over the transverse space, for which H is given by 

4ml 4m 2 
n = i J ± = — a \q) 

9N(r + N) N(r — N)' 1 ' ' 

The connections and AT^ on the fibers imply that the wrapped directions have periods 47rm + /3 
and 127rm_, respectively. Alternatively, we can superimpose the 2-forms to construct a solution 
with a single worldvolume direction fibered over the transverse space, for which H is again given by 
(|4.19p . Then the resulting manifold is simply connected if m + = 9m_ and non-simply connected 
though still smooth if the ratio m + /m_ is rational- valued. 

Since the circular ip direction has a radius that stabilizes, we can perform T-duality along this 
direction. We will consider the case in which the D5-brane is wrapped on a 2-torus which is fibered 
over the Taub-BOLT space, for which A^ and A7^ are associated with the X4 and 25 directions, 
respectively. Upon T-dualizing along the ip direction and lifting to eleven dimensions, we get the 
solution 

ds^ = h 1/3 H~ 1/s - dt 2 + dx\ + dxl + dx\ + gh' 1 (dx^ + m + m-g~ 1 dx 5 ) 2 + h^ 1 (dz + B {1) ) 2 

+ H (f^dr 2 + (r 2 - N 2 )d^l 2 2 + AN 2 fg- l dxl + h^dy 2 ) 1 , 
F w = [l + h~ 1 (2N(r 2 -N 2 )H'f-A 2 + -A 2 _)](A^dx 5 -A + dx 4 )An {2) Ady 

+ [fi (2) + d (h~ 1 A + ) A dxi — d (/i _1 A_) A dx 5 ] A dy A (dz + B w ) 

2A r m + m_ 

+ 77"^ 7F7T« r A dx^ A dx^ A dy, 

n{r z — Jy z ) 



where 



and 



g = 4N 2 Hf + Al > 0, h = 4N 2 Hf + A\ + A 2 _ > 0, (4.20) 



dB w = [2iV(r 2 - N 2 )fH' - A\ - A 2 _] (2) + 2iVdr A {^±^dx, + j^j^dx^ . (4.21) 

This solution describes two T 2 -wrapped overlapping M5-branes. Since g > and h > 0, this 
solution is free from curvature singularities. 

For nonvanishing m±, a conical singularity at r = 2N is avoided provided that 25 has a period- 
icity of 127rm_. Furthermore, the connections on the fibers imply that 24 has a period of 47rm + /3 
and that the period of z is given by 

A-Kim 2 , + 81m 2 ) 247rm 2 

Az = — ^-t -L = ± = -, (4.22) 

9ni 3n2 n% 

where ni, n 2 and 77,3 are integers. An example of a non-simply connected manifold is provided by 
n\ = 4, ?i2 = 3 and 723 = 2. 
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If m_ = 0, then the metric in (|4.20[) reduces to 



ds 2 n = h^H- 1 / 3 



dt 2 + dx\ + dx\ + dx\ + dxl + h 1 {dz + B (1) ) 2 



+ H {r l dr 2 + (r 2 - N 2 )dn 2 2 + MSS 2 fhT x dx\ + h~ l dy 2 } . (4.23) 

Now the X4 direction must have a period of 4-7rm+/3 in order to avoid a conical singularity at 
r = 2N and the period of X5 is arbitrary. The connection on the fiber implies that z can have 
a period of Anm 2 ,/9. On the other hand, if m + = then the metric reduces to (|4.23p with m_ 
replaced by m+, X4 and X5 interchanged and the periods adjusted accordingly. 

4.2 More branes on Schwarzschild instantons 

We consider the n-dimensional version of the Schwarzschild instanton [39] with the metric 

ds 2 n = f^dr 2 + fd^ 2 + r 2 dn 2 n _ 2 , (4.24) 

where 

r n-3 

/ = l-^3> ( 4 - 2 5) 
the coordinate ip has a period of 4-7rro/(n — 3) and r > rp. This supports the harmonic 2- form 

L ^ = ~-^i dr A W> Ad = ^3 (4.26) 



This yields a regular solution to 



1 

2 

given by 



UH = -^m 2 L 2 2) , (4.27) 



2 

m 



H = l + - — -. (4.28) 

4.2.1 S^-wrapped M5-brane 

An 5 1 -wrapped M5-brane on a five-dimensional Schwarzschild instanton is given by 

ds 2 n = H- 1/3 (-dt 2 + dxl + --- + dxl + (dx 5 + A (1) ) 2 )+H 2/3 ds 2 5 , 

F w = * 5 dH -m(* 5 L m ) A (dx 5 + A w ), (4.29) 

where the Schwarzschild instanton metric is given by (I4.24p with n = 5, H satisfies (|4.27j> . and 
dA m = mL2- A regular solution has the function H given by (|4.28j) with n = 5. The wrapped 
direction £5 has the period 2irm/ro. 

Performing dimensional reduction along the X5 direction yields a D4-brane in type IIA theory 
whose resolution is associated with flux [3] 

ds 2 Q = H -^(-dt 2 + dx 2 + ---+dx 2 ) + H^dsl 

F {A) = * B dH, F (3) = m * 5 L {2) , F (2) =mL (2) , (4.30) 
= H. 
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Alternatively, if £4 is the fibered direction then reducing along X5 yields an S^-wrapped D4-brane. 
T-dualizing along ip yields a type IIB solution given by 

dsj = h l ' A \H-^ 2 {-dt 2 + dx\ + dx\ + dx\) + H^if^dr 2 + r 2 dQ 2 3 + fbr x dx\ + bT x dy 2 

r 2 
I n 



F (5) = 2m fh 1 Q (3) A dx^ A dy + —dt A dx± A dx 2 A dx 3 A dH 1 , 

m 

"V/>> -"' n piVS = d ( m 



F ™ = ^ = 43r) A ^Ady, (4.31) 



e" 2 ^ = ft. 
where 

>» = / + "if? > °" ( 4 - 32 ) 



2 

m 



2 9 

This describes a D3-brane wrapped on a circle. For m = Tq, /t = 1 and the transverse space reduces 
to a direct product of a five-dimensional Schwarzschild instanton and a circle. In order to avoid a 
conical singularity at r = tq, X4 has the period 2-Kmjr^. 

4.2.2 S^-wrapped D2-brane 

An S^-wrapped D2-brane on a seven-dimensional Schwarzschild instanton in type IIA theory is 
given by 

d s 2 w = H~ 5/8 (-dt 2 + dxj + (dx 2 + A w ) 2 ) +H 3/8 ds 2 -, 
F {4) = dt A dx\ A (dx 2 + A w ) A dH^ 1 + m dt A dx\ A L (2) , 
e 4 ^ = H, (4.33) 

where the Schwarzschild instanton metric is given by (|4.24p with n = 7, H satisfies (|4,27p . and 
dA {1 ) = mL 2 . A regular solution has the function H given by (|4.28p with n = 7. The wrapped 
direction x 2 has the period irm/rQ. 

T-dualizing along tp yields the type IIB solution 

ds 2 Q = h 1 / 4 [H-V\-dt 2 + dx 2 ) + H x l\r X dr 2 + r 2 dU 2 + fh^dx 2 + h^dy 2 ) 

Aui^ ( 1 

F (5) = ~l~s (r$H - r 4 f) -rrrrdt A dx x A dx 2 A dy A dr + VL 

4 

F ( K R = —(1 — H — H 2 )dt A dx\ A dH^ 1 , F^f, s = d f — 77- J A dx 2 A dy, (4.34) 
m Vr 4 n/ 

e 2 <t> = Hh- 1 , 

where 

2 

m 

h = f + — >0. (4.35) 



This describes a Dl-brane wrapped on a circle. For m = r 4 , h = 1 and the transverse space reduces 
to the direct product of a seven-dimensional Schwarzschild instanton and a circle. In order to avoid 
a conical singularity at r = tq, x 2 has the period Tim/r^. 
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4.2.3 S^-wrapped Dl-brane 

An S^-wrapped Dl-brane on an eight-dimensional Schwarzschild instanton in type IIB theory is 
given by 

ds 2 Q = H~ 3 / 4 (-dt 2 + (dx + A (1) ) 2 ) + H^ds 2 , 
F^ R = dt A (dxi + A (1) ) AdH' 1 + m dt AL (2) , 
e 2(f> = H, (4.36) 

where the Schwarzschild instanton metric is given by (|4.24p with n = 8, H satisfies (|4.27p . and 
dAm = mLi- A regular solution has the function H given by (|4.28p with n = 8. The wrapped 
direction x has the period 4-7rm/(5rQ). 

T-dualizing along ip and lifting to eleven dimensions yields the pp-wave solution 



ds 2 u = /i 1/3 -H^dt 2 + f- x dr 2 + r 2 dtil + h- 1 (^fdx 2 + dy 2 + H(dz-B (1 



m 



where 



F w = h~ 1 {fH- 1 + f -l)dt Adx Ady AdH + d(-^"j Adx Ady Adz, (4.37) 

2 5 

h = f + ^ > 0, dB a) = "%dt A dH~ l + ^-dt A dH. (4.38) 

r o r t> V J r t) m 



In order to avoid a conical singularity at r = tq, x has the period 47rm/(5rg). For m = Tq, h = 1 
and the pp-wave propagates on a Schwarzschild instanton. 

One can also consider a wrapped Dl-brane on the direct product of two four-dimensional 
Schwarzschild instantons. However, in this case, the T-dual solution is not regular. 

4.2.4 Rotating DO-brane 

A rotating DO-brane on a nine-dimensional Schwarzschild instanton in type IIA theory is given by 

ds 2 10 = -H-V^dt + A^f + H^ds 2 , 
F {2) = (dt + A w ) AdH- 1 +mL m , 

el* = H, (4.39) 



where the Schwarzschild instanton metric is given by (|4.24[) with n = 9, H satisfies (|4.27|) . and 
cL4 (1 ) = 771L2. A regular solution has the function H given by (|4,28p with n = 9. Although the ijj 
direction has a radius that stabilizes, it also vanishes for a certain value of r. If one T-dualizes over 
then this would lead to a singular solution. 
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